We consider two Ansatze for the neutrino masses and mixings in which the permutation symmetry is implemented in various orders. We discuss the possible see-saw mechanisms and the charged lepton masses for the two cases in the presence of a Higgs triplet and three Higgs doublets.
I. INTRODUCTION
The problem of neutrino masses and mixings is at the forefront of experimental research [1] - [8] in particle physics and has inspired many theoretical models [9] - [23] involving continuous or discrete symmetries in the flavor sector of the standard model.
If U is the neutrino mixing matrix and W is the charged lepton mixing matrix then one of the main experimental results involves the product K = W † U , the lepton mixing matrix. Many studies suggest that at least in first approximation W = 1 such that K = U .
From neutrino oscillations experiments we learn that [24] : 
These results suggest two possibilities depending on the magnitude of m 3 :
T ype I normal hierarchy m 3 > m 2 > m 1 T ype II inverted hierarchy m 2 > m 1 > m 3 .
In this paper, we will discuss the see-saw mechanisms for neutrino masses and mixings in two contexts, in both assuming an S 3 symmetry and its perturbations in the lepton sector of the standard model.
II. AN ANSATZ FOR DIRAC NEUTRINO MASSES AND MIXINGS
We consider a Dirac mass matrix for the neutrinos which is diagonalized by the unitary matrix U :
In the most general case the above matrix diagonalizes the hermitian form
where M 1 is the standard Dirac neutrino mass matrix:
The following discussion applies both to the case of type I (where m 3 is the largest mass) and II ( where m 3 is the smallest mass) neutrinos:
However, it would be useful to know the initial form of the mass matrix M 1 from which one can extract the hermitian form of M = M 1 M † 1 . For that we assume that,
then,
III. SHORT REVIEW OF AN S3 SYMMETRIC MODEL
In [20] we proposed a model for the neutrino masses and mixings which involved the implementation of the S 3 symmetry into the lepton sector of the standard model. This model was further studied in [21] , [22] , [23] where perturbation symmetric under S 2 subgroups of S 3 were applied and also a possible CP violation phase was considered. We start with an S 3 zeroth order symmetric mass matrix for the Majorana neutrinos:
This matrix is diagonalized to:
where R is the so called tribimaximal form,
Since in zeroth order the neutrino masses can be approximated as degenerate we required for β to be real and also,
In order to obtain a better agreement with the experimental data, we then added the first order perturbation:
and a second order perturbation of the type:
We made the underlying assumption that the charged lepton mixing matrix is the unit matrix. The S 3 symmetry is implemented by three Higgs doublets and the left handed charged leptons, both of them in the three dimensional representation of the symmetric group. The right handed charged leptons are considered singlets. Then the effective Lagrangian has the form:
Here G (c) is invariant under the S 3 transformation,
and γ (c) and δ (c) are complex numbers. Then the mass matrix is given by:
and one can obtain the correct spectrum for a suitable choice of the parameters γ (c) and δ (c) .
IV. A SEE-SAW MECHANISM FOR AN S3 SYMMETRIC MODEL
As mentioned in section III the model involves a Higgs triplet which couples to the neutrinos and three Higgs doublets which couple with the charged leptons. Note that the presence of a Higgs triplet and of multiple Higgs doublets is natural in the context of SO(10) GUT theories where the Higgs triplet comes from the (10) dimensional representation and the Higgs doublets can come from the (10), (120) or (126) representations.
We assume that the smallness of the neutrino masses is due to the heavy Higgs triplet with mass M which couples with the Higgs doublet k with the strength µ k . Then by integrating out the Higgs triplet one obtains for the Majorana neutrino mass:
where f ij is the coupling of ν i , ν j with the Higgs triplet and v k is the vacuum expectation value of the k th (k = 1, 2, 3) Higgs doublet. If we want to assume the invariance under S 3 of the Lagrangian we need universal coupling µ K = µ since the three Higgs doublet are in the fundamental representation of S 3 . Then Eq. (18) becomes:
This mass matrix is invariant under S 3 at zeroth order and its perturbations are invariant under the subgroups, S 2 of S 3 (see section III).
The charged lepton masses are obtained as in section III by couplings with the three Higgs doublets.
V. SEE-SAW MECHANISM WITH RIGHT HANDED NEUTRINOS
We consider a model with a Higgs triplet, three Higgs doublets and we add three right handed heavy neutrino N kR (k = 1, 2, 3) with a Majorana mass. We further consider that the couplings of the three neutrinos with the Higgs triplet are universal and the corresponding mass matrix is diagonal.
Assume
that transforms under S 3 as,
Then a coupling term among the left handed, right handed neutrinos and the Higgs doublets that is invariant under the S 3 symmetry has the form:
where y is an arbitrary dimensionless constant. An S 3 symmetric Majorana mass term for the right handed neutrinos is realized through the Lagrangian:
where the mass matrix M is of the type:
and it is diagonalized by an arbitrary tribimaximal matrix U with two degenerate eigenvalues and one different. In the N ′ k mass eigenstate basis the term L n will become:
Note that this Dirac mass term realizes the Ansatz in section II. Upon integrating out the heavy right handed neutrino fields one obtain a Majorana mass for the light neutrinos of the type:
which can be further simplified by stating:
We shall try implement the permutation group S 3 and perturbations of it into the Ansatz in Eq. (26). First we decompose the matrix of vacuum expectation values as follows:
We denote:
We consider the Majorana contribution to the masses coming from the coupling with the Higgs triplet given by m 0 and proportional to the unit matrix in the flavor space and ask:
Since the inverse of matrix M is M −1 given by,
we have in zeroth order a neutrino mass term invariant under S 3 . In first order the contribution is given by,
and this term is invariant under the S 12 subgroup of S 3 as each of its factors is invariant. We consider these terms as belonging to the first order perturbation. Then similarly the second order term is invariant under an S 23 subgroup of S 3 .
We arrange the left handed and right handed charged leptons in the three dimensional representation of the group S 3 . The relevant Lagrangian for the charged lepton masses is:
and it is invariant under the S 3 symmetry provided that:
In first order we consider these matrices proportional to the unit matrix such that the hierarchy of the charged lepton masses is given by the hierarchy of the three Higgs vacuum expectation values. Then from the known hierarchy of the charged leptons and the electroweak vacuum,
one obtains the vacuum expectation values of the three Higgs doublets:
For consistency we require that the masses of the heavy right handed neutrinos are degenerate and have the value m in accordance with the picture depicted in section III. Moreover we either set the parameter y = 1 or absorb it in m. Thus in zeroth order the neutrino masses are:
Constraints on cosmological structure formation [25] - [26] lead to a rough bound on the new neutrino masses:
such that in the zeroth order we take,
which further yields: m ≥ 0.53 × 10 15 GeV. We denote:
In Figs. 1, 3 we plot the parameters t 1 and t 2 in terms of the heavy mass of the right handed neutrinos for three possible zeroth order values of the mass of the light neutrinos. In Figs. 2, 4 we plot the parameters u 1 and u 2 for the same cases.
A typical point for example is for m = 1.78 × 10 15 GeV where t 1 = −0.3, t 2 = 0.3 and corresponds to the first order perturbation whereas u 1 = 0.02 and corresponds to a second order perturbation. The term in the Lagrangian of order u 2 = 0.0011 is small and can be neglected.
VI. CONCLUSIONS
The implementation of the symmetric groups S 3 and of various subgroups of it into the lepton sector of the standard model provides a good theoretical framework for explaining the neutrinos masses and mixings as extracted from the experimental data. In this context we consider the see-saw mechanisms for two possible ansatze both in the presence of three Higgs doublets and of a Higgs triplet. This kind of scalar structure is natural in grand unification theories like SO(10) GUT.
In the first ansatz the S 3 group is implemented in the zeroth order in the neutrino sector, the S 12 subgroup in the first order and the S 23 subgroup in the second order. This case is realized in the presence of heavy right handed neutrinos with a mass around the GUT scale.
In the second ansatz again the S 3 group is implemented in the zeroth order, the S 23 subgroup in the first order and S 12 in the second. The main difference occurs in the charged lepton sector where the left handed fields are arranged in the three dimensional representation for both cases whereas the left handed fields are triplets for the first ansatz and singlets for the second. Accordingly the three Higgs doublets are assigned to the 3 × 3 * representation in the first ansatz and to the triplet in the second. The mixing matrix is the unit matrix in both cases with the correct masses for the first ansatz and with two massless charged leptons corresponding to the first two generations and one massive tau lepton for the second ansatz.
